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Abstract
This paper presents an adaptive attitude consensus controller for a group of spacecrafts subject to stochastic communication
link failure and external disturbances.By leveraging the sliding-mode control technique and the super-martingales convergence
method, the proposed adaptive controller is robust to the bounded but unknown disturbances and ensures almost sure consensus
on the attitude among multi-spacecraft, respectively. Moreover, when compared with the existing results dealing with attitude
consensus control with indeterministic communication topology, our approach can drive the attitude of multi-spacecraft to a
desired attitude of a virtual spacecraft. To verify the effectiveness of the proposed approach, an attitude consensus control of
a group of six spacecraft with a virtual leader is carried out.

Keywords Attitude consensus · Communication link failures · Adaptive control · Multi-spacecraft Systems

1 Introduction

In the recent decades, the development and application of
a single spacecraft are constrained due to the gradually
increased volume, weight, and cost. Due to the low cost,
small volume, light weight, and low energy consumption,
the multi-spacecraft system is developed to compensate for
the disadvantages of a single spacecraft. Themulti-spacecraft
system can achieve or even exceed the capabilities of a single
spacecraft. Moreover, the failure of a spacecraft will not lead
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to the failure of the whole system. Thus, the multi-spacecraft
system has attracted considerable attention. To accomplish
complex space missions, it is critical for the multi-spacecraft
systems to maintain an accurate relative attitude. Attitude
consensus control of multi-spacecraft systems is one of the
key factors for the success of space missions, especially for
earth observation and universal exploration. For instance, the
traditional single spacecraft is hard to conduct the large area
Earth observation owing to its limited field of view. There-
fore, it is worthwhile further investigating attitude consensus
control for multi-spacecraft coordinated missions.

There have been numerous attitude consensus control
schemes proposed to make attitude converge to a common
attitude. In [1–4], adaptive attitude controllers using dif-
ferent techniques (e.g., sliding-mode control, backstepping
control, robust control, etc.) were designed to achieve accu-
rate relative orientation control among spacecrafts in either
the undirected or directed topology, despite the existence of
inertia uncertainties and external disturbances. When there
exist input saturation constraints, terminal sliding-mode-
based control methods were proposed to achieve attitude
consensus [5–7]. In [8, 9], a relative position cooperative
control problem was studied, where the proposed meth-
ods guarantee finite-time error convergence. However, the
modeling uncertainties and disturbances are not considered,
leading to limited robustness and degraded control perfor-
mance.
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On the other hand, to achieve reliable attitude consensus
control, it is of vital importance for spacecrafts to trans-
mit information through inter-satellite communication links,
and maintain a certain configuration and relative attitude.
In the leader–follower control strategy, the spacecraft that is
selected as a leader needs to reach the expected attitude,while
the rest spacecrafts are regarded as the following ones to track
the leader so as to complete the attitude consensus mission.
In this control strategy, it is essential that the information
of the leader can be transferred to any following spacecrafts
through a deterministic communication link. In [10–12], the
leader tracks the common attitude and the attitude infor-
mation of the leader can be obtained by the followers to
achieve the cooperative attitude control. In the virtual struc-
ture control strategy, the whole spacecraft tracks the virtual
spacecraftwhich transfers the desired attitude. In [13–16], the
multi-spacecraft system maneuvers to the specified attitude
according to information transferred by the virtual leader
through communication links. Based on consensus theory,
spacecraft members utilize their own attitude information
to cooperatively achieve the same attitude through commu-
nication link. In [17–19], the attitude consensus problem
was addressed and a desired attitude can be reached through
an undirected communication link. Although the aforemen-
tioned works can tackle the attitude consensus problem, the
communication link failure is not considered in the controller
design.

In practice, communication links are vulnerable to inter-
ference from various uncertain sources, which may lead to
intermediate failure of the communication link. Under this
situation, communication links may fail and rebuilt stochas-
tically over time. In [20], the attitude consensus problem
of multi-spacecraft system under stochastic communication
link failure in a directed topology composed of four space-
craft was solved, where a stochastic variable associated
with the link interconnection probability was used to model
the information transmission of the spacecraft topology.
Recently, taking into account the uncertain inertia matrix,
a robust controller was designed under the directed commu-
nication topology composed of six spacecraft to make the
attitude almost surely achieve consensus in [21]. However,
these works can only achieve attitude consensus but cannot
converge to a desired attitude.

In this paper, an adaptive attitude consensus control strat-
egy formulti-spacecraft systems in the presence of stochastic
communication link failure and interference of environmen-
tal disturbances is proposed and studied. The spacecraft
topology consists of a virtual leader and a group of follow-
ers, where the motion of the virtual leader is governed by
a desired attitude and the followers are to reach consensus
and track the desired attitude. Based on the sliding-mode con-
trol and super-martingale convergence theorem, the designed
controller not only achieves almost sure consensus, but also

suppresses the external disturbances. In contrast to the exist-
ing works in [20, 21], the proposed approach can handle
a more complex communication topology and suppress the
disturbance caused by external environment. The proposed
control scheme can converge the attitude of all spacecraft
to a specific desired attitude despite the existence of the
environmental disturbances and stochastic communication
link failure. Finally, numerical simulation results are given
to verify the efficiency of the proposed attitude consensus
controller.

The structure of this paper is organized as follows. In
Sect. 2, the preliminaries used are introduced. In Sect. 3, the
detailed problem is stated. In Sect. 4, the controller design
and stability analysis are developed. In Sect. 5, an example
case study is given to illustrate the effectiveness and per-
formance of the proposed controller design method. Finally,
conclusions are presented in Sect. 6.

2 Preliminaries

2.1 Notations

In the rest of this paper, the following notations are used. R
represents the set of real numbers. R+ represents the set of
positive real numbers. ‖·‖ is the standard Euclidean norm. If
a square matrix D is symmetric positive definite, the matrix
D is represented as D > 0. We define D � diag(D1, D2,
. . . , Dn) as a block diagonal matrix with entries consisting
of the matrices D1, D2,. . ., Dn . In denotes an n × n identity
matrix. ⊗ represents the Kronecker product. sgn(·) denotes
the sign function. We use rank (·) to denote the rank of a
matrix and use Null (·) to denote the null space.

2.2 Spacecraft attitude dynamics

The unit-quaternion form of attitude dynamics is used to
describe the multi-spacecraft systems. The attitude kinemat-
ics and dynamics of the i th spacecraft can be expressed as

q̇i � Z(qi )ωi ,

Ji ω̇i � S(ωi )Jiωi + τi + di , (1)

where the subscript i ∈ {1, 2, . . . , n} with n being the
number of spacecrafts in the multi-spacecraft system, qi �[
q1i q2i q3i q4i

]� ∈ R
4 is the unit-quaternion of the body

fixed frameB relative to the inertial frame I and satisfies the

property ||qi ||� 1, ωi �
[
ωxi ωyi ωzi

]� ∈ R
3 is angular

123



Aerospace Systems

velocity of B relative to I, Z(qi ) ∈ R
4×3 is in the form of

Z(qi ) � 1

2

⎡
⎢⎢⎢⎣

q4i −q3i q2i
q3i q4i −q1i
−q2i q1i q4i
−q1i −q2i −q3i

⎤
⎥⎥⎥⎦,

Ji ∈ R
3×3 > 0 is inertia matrix, τi ∈

[
τxi τyi τzi

]�∈ R
3

is the control torque, di �
[
dxi dyi dzi

]� ∈ R
3 is the

unknown but bounded disturbance torque, and S(ωi ) is the
skew-symmetric matrix that is defined as follows:

S(ωi ) �
⎡
⎢⎣
0 ωzi −ωyi

−ωzi 0 ωxi

ωyi −ωxi 0

⎤
⎥⎦.

Assumption 1 The disturbance torque is bounded by ||di ||≤
di ,max , where di ,max ∈ R+ is a positive constant.

3 Stochastic process

A stochastic process X � {X (t), t ≥ 0} is to express the
change in time of a stochastic phenomenon. The stochastic
process can be described by the probability triple (�, F,
P), where � is a set of the events, F is a σ -algebra and
belongs to a subspace of �, and P is the probability of event
with 0 ≤ P{·} ≤ 1 and P{�} � 1. Moreover, a filtration
{Ft , t ≥ 0} on (�, F, P) is a set of sub σ -algebras of F and
satisfies the following conditions:

F0 ⊂ F1 ⊂ · · · ⊂ Fn ⊂ · · · ⊂ F.

If the stochastic process X isFt -measurable for all t ≥ 0,
then it is said to be adapted to the filtration {Ft }. In addition,
a process X is a super-martingale if the following conditions
are satisfied [20]:

(1) X is adapted to the filtration {Ft };
(2) E{|X (t)|} < ∞, ∀t ;
(3) E{X (t) | Fs} ≤ X (s), t > s.

Now, it is ready to define the almost surely convergence
of the stochastic variable X (t) to a finite X f if the following
condition is satisfied:

P

{
lim
t→∞X (t) � X f

}
� 1,

which is further equivalently defined as

lim
t→∞X (t)

a.s→ X f .

Fig. 1 The network topology of the multi-spacecraft systems

Then, the following super-martingale convergence lemma
would be useful for the convergence analysis of stochastic
variables.

Lemma 1 [22] If the stochastic process X � {X (t), t ≥ 0}
is a nonnegative super-martingale, then there exists a finite

X f , such that lim
t→∞X (t)

a.s→ X f .

4 Problem statement

As shown in Fig. 1,we assume that there are n spacecrafts and
a virtual spacecraft in a multi-spacecraft system. The multi-
spacecraft form a cyclic topology in which the i th spacecraft
follows the (i + 1)th one and spacecraft i can obtain atti-
tude information from spacecraft i + 1, and the arrows in
Fig. 1 indicate the information flow. It is worth noting that
the (n+1)th spacecraft is referred to spacecraft 1. In addition,
we also assume that there is a virtual leader, i.e., spacecraft
0, whose attitude is denoted by qd∈ R

4×1. Here, the atti-
tude of spacecraft 0 is known and stable. As a virtual leader,
spacecraft 0 provides global reference attitude qd in real time
and transmits reference instructions to spacecraft 1 to real-
ize attitude tracking of multi-spacecraft formation system. A
controller is designed for the n spacecrafts to achieve consen-
sus and achieve the desired attitude transmitted by the virtual
spacecraft.

The communication link is easily affected by many
stochastic uncertain sources during information transmis-
sion, such as the stochastic interference of external envi-
ronment, communication equipment, or communication pro-
tocol. The uncertainty of the communication link makes
the communication link fail or reconstruct in a stochastic
way, which will not only affect the control accuracy of the
formation, but also affect the stability and coordination of
multi-spacecraft formation flight.
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In addition to the virtual leader, the connectivity of the
communication link between each two spacecraft may be
stochastic due to the influence of uncertain sources. This
parameter pi (t) ∈ [0,1] is used to describe the probability
that the state information of the spacecraft i +1 can be trans-
mitted to the spacecraft i . In each transmission process, the
state information of the spacecraft i +1 can be transmitted to
the spacecraft i with the probability of pi (t), and cannot be
transmitted to the spacecraft with the probability of 1− pi (t).
In addition, we define a stochastic binary variable ai (p) to
describe the effectiveness of the link as follows:

ai (p) �
{
1 with probability pi (t)
0 with probability 1 − pi (t)

.

It indicates that ai (p) � 0 if there is no information trans-
fer between two spacecrafts with probability 1− pi (t), while
ai (p) � 1 means that the communication link from space-
craft i + 1 to i is connected with probability pi (t).

The purpose of this paper is to design an attitude controller,
so that the attitude of multi-spacecraft system subject to
communication failure and external disturbances can achieve
consensus and stabilize to a desired attitude with

lim
t→∞(qi − qd)

a.s.→ 04×1,

lim
t→∞

(
qi − q j

) a.s.→ 04×1,

lim
t→∞ωi

a.s.→ 03×1, (2)

where i , j ∈ {1,2, . . . , N }. It is worth noting that qi and−qi
stand for the same attitude.

5 Adaptive attitude consensus controller

In this section, we propose a control law, such that the atti-
tude of the multi-spacecraft system is able to achieve attitude
consensus under the communication topology as follows:

τi � −γ Z(qi )
�ai (p)(qi − qi+1) − ki sgn(ωi ) − d̂i ,max

ωi

||ωi ||
(3)

−βK Z(q1)
�(q1 − qd)

with

β �
{
1 if i � 1
0 if i ∈ {2, . . . , n} , (4)

where γ , K ∈ R+ are positive constants, qd ∈ R
4×1 is the

desired attitude of the virtual leader with the property that

q̇d � 0, the constant ki ∈ R+ is designed later,d̂i ,max ∈ R is
the estimate of the boundary of disturbance torque, which is
obtained by

˙̂di ,max � r ||ωi ||, i ∈ {1,2, . . . , n}, (5)

where the constant r ∈ R+ determines the convergence rate
of the parameter estimate. In the above proposed attitude
controller, −ki sgn(ωi ) and −d̂i ,max

ωi||ωi || are discontinuous
items, which are used to handle the parameter uncertain-
ties and counteract effects of the external disturbances. In
the controller, qi − qi+1 represents the relationship between
spacecrafts and is used to reduce the error between space-
crafts. The term−βK Z(q1)�(q1 − qd) represents that when
the virtual spacecraft 0 transmits the reference information
qd to the spacecraft 1, the error between the spacecraft 1 and
the specified attitude qd is adjusted in real time, and is used
to make the attitude point to the same desired attitude qd .

The main result of this paper is summarized in the follow-
ing theorem:

Theorem 1 Under the described stochastic communication
topology, the attitude of multi-spacecraft systems can almost
surely achieve consensus under the controller designed
above, if the following conditions are satisfied:

ki > γ , pi (t) 
� 0, i ∈ {1,2, . . . , N }. (6)

Proof To prove the Theorem1, the sliding surface is selected
as s � ω, and a candidate Lyapunov function is constructed
as follows:

V � 1

2
ω� Jω +

1

2
γ q�(

T� ⊗ I4
)
q

+
1

2r

N∑
i�1

(d̂i ,max − di ,max )
2

+
K

2
(q1 − qd)

�(q1 − qd), (7)

where ω �
[
ω�
1 , ω�

2 , . . . , ω�
N

]� ∈ R
3N×1,

J � diag(J1, J2, . . . , JN ) ∈ R
3N×3N , q �[

q�
1 , q

�
2 , . . . , q�

N

]� ∈ R
4N×1, and the variable T is

defined as

T �

⎡
⎢⎢⎢⎢⎣

1 −1 0 . . . 0
0 1 −1 . . . 0
...

...
...

. . .
...

−1 0 0 . . . 1

⎤
⎥⎥⎥⎥⎦

.

In the foregoing Lyapunov condition, the term
1
2γ q

�(
T� ⊗ I4

)
q represents the attitude errors between two
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spacecrafts, the term 1
2r

∑N
i�1 (d̂i ,max − di ,max )

2
is the error

between the boundary of the disturbance and its estimate,
and the last term K

2 (q1 − qd )�(q1 − qd ) describes the error
between the attitude and the desired attitude.

Then, the time derivation of V is calculated to be

(8)

V̇ � ω� J ω̇ + γ q� (
T� ⊗ I4

)
q̇

+
1

r

N∑
i�1

(
d̂i ,max − di ,max

) ˙̂di ,max + K (q1 − qd )
�q̇1.

Substituting the equation of motion of multi-spacecraft
into above yields

V̇ � ω�S (ω) Jω + ω�τ + ω�d + γ q� (
T� ⊗ I4

)
Z (q)ω

+
N∑
i�1

(
d̂i ,max − di ,max

) ||ωi ||+K (q1 − qd )
�Z (q1)ω1,

(9)

where the stacked variables Z(q) � diag(Z(q1), Z(q2),
. . . , Z(qN )),S(ω) � diag(S(ω1), S(ω2), . . . , S(ωN )),τ �
[τ�

1 , τ�
2 , . . . , τ�

N ]
�
, and d � [

d�
1 , d

�
2 , . . . , d�

N

]
are used.

Since S(ω) is skew symmetric, one can further have that

ω�S(ω)Jω � 0

γ q�(
T� ⊗ I4

)
Z(q)ω � γω�Z(q)�(T ⊗ I4)q

K (q1 − qd )
�Z(q1)ω1 � Kω�

1 Z(q1)
�(q1 − qd).

Now, substituting the controller into V̇ results in

V̇ � −γω�Z(q)�(L(p) ⊗ I4)q − ω�(k ⊗ I3)sgn(ω)

−
N∑
i�1

ω�
i d̂i ,max

ωi

||ωi || − Kω�
1 Z(q1)

�(q1 − qd )

+ ω�d + γω�Z(q)�(T ⊗ I4)q

+
N∑
i�1

(
d̂i ,max − di ,max

)||ωi ||+Kω�
1 Z(q1)

�(q1 − qd),

(10)

where k � diag(k1, k2, . . . , kN ) and a couplingmatrix relat-
ing to the communication topology is

L(p) �

⎡
⎢⎢⎢⎢⎣

a1(p) −a1(p) 0 . . . 0
0 a2(p) −a2(p) . . . 0
...

...
...

. . .
...

−aN (p) 0 0 . . . aN (p)

⎤
⎥⎥⎥⎥⎦

.

Then, the above equation can be rewritten as

V̇ � γω�Z (q)� ((T−L (p))⊗ I4) q − ω� (k ⊗ I3) sgn (ω)

−
N∑
i�1

d̂i ,max ||ωi ||+ω�d +
N∑
i�1

(d̂i ,max − di ,max )||ωi ||.

(11)

Now, we define a vector μ � (μ�
1 , μ�

2 , . . . , μ�
N )

� �
((T − L(p)) ⊗ I4)q ∈ R

4N×1, where

T − L (p)

�

⎡
⎢⎢⎢⎢⎣

1 − a1 (p) −1 + a1 (p) 0 . . . 0
0 1 − a2 (p) −1 + a2 (p) . . . 0
...

...
...

. . .
...

−1 + aN (p) 0 0 . . . 1 − aN (p)

⎤
⎥⎥⎥⎥⎦

.

Consequently, we have

V̇ � γω�Z(q)�μ − ω�(k ⊗ I3)sgn(ω)

+ ω�d −
N∑
i�1

di ,max ||ωi ||

�
N∑
i�1

(
γω�

i Z(qi )
�μi − kiω

�
i sgn(ωi ) + ω�

i di − di ,max ||ωi ||
)
.

(12)

Since ai (p) ∈ {0,1}, ||qi ||� 1, and ‖Z(qi )�Z(qi )‖=1/4,
we can conclude that ‖Z(qi )�μi‖≤ 1. As a result, it is clear
that

V̇ ≤
N∑
i�1

(
γ ||ωi ||−kiω

�
i sgn(ωi ) + ω�

i di − di ,max ||ωi ||
)
.

(13)

According to the assumption that ||di ||≤ di ,max and
||ωi ||≤ ω�

i sgn(ωi ), we have

V̇ ≤
N∑
i�1

(γ − ki )ω
�
i sgn(ωi ). (14)

From this inequality, we can see that as long as the con-
dition ki > γ is satisfied, V̇ is negative semidefinite. By
employing the generalized invariance principle, it is obtained
that

lim
t→∞ωi ≡ 03×1, i ∈ {1,2, . . . , N }. (15)
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Substituting the conclusion into the attitude dynamics
model and controller leads to

lim
t→∞Z(qi )

�ai (p)(qi − qi+1) � 03×1, i ∈ {2, . . . , N }.
(16)

Since Z(qi ) ∈ R
4×3 and Z(qi )�Z(qi ) � 1

4 I3, it can be
obtained that rank

(
Z(qi )�

) � 3. Therefore, the following
conclusion can be drawn:

ai (p)(qi − qi+1) ∈ Null
(
Z(qi )

�)
.

Moreover, Z(qi ) satisfies Z(qi )�qi � 0. As a conse-
quence, we can transform the above condition as follows:

lim
t→∞ai (p)(qi − qi+1) � ηi qi , (17)

where ηi is a constant. Due to that ai (p) is uncertain, we
make use of expectation to deal with the formula on both
sides

lim
t→∞E{ai (p)(qi − qi+1)} � E{ηi qi }. (18)

According to the property of expectation, we further have

lim
t→∞E{ai (p)}(qi − qi+1) � ηi qi ,

which results in

lim
t→∞(E{ai (p)} − ηi )qi − E{ai (p)}qi+1 � 04×1. (19)

Because of the definition of ai (p), we have

E{ai (p)} � 1 × pi + 0 × (1 − pi ) � pi ,

where pi (t) denotes the probability of the connection
between agents. If pi (t) 
� 0, we can obtain that

E{ai (p)} 
� 0.

Thus, we have

lim
t→∞(

(
1 − E{ai (p)}−1ηi

)
qi − qi+1) � 04×1.

It also can be rewritten as follows:

lim
t→∞

((
1 − E{ai (p)}−1ηi

)
q�
i − q�

i+1

)
� 01×4.

Multiplying
(
1 − E{ai (p)}−1ηi

)
qi + qi+1 on both sides, it

can be transformed into

lim
t→∞((1 − E{ai (p)} − ηi )

2q�
i qi − q�

i+1q
�
i+1) � 01×4. (20)

On account of unit-quaternion vector satisfying the prop-
erty q�

i qi � 1 and q�
i+1qi+1 � 1, we have

lim
t→∞

(
1 − E{ai (p)}−1ηi

)2 � 1.

Hence, we can obtain two situations based on above con-
dition

lim
t→∞ηi � 0 (21)

or

lim
t→∞ηi � 2E{ai (p)}. (22)

Then, we analyze the two situations, respectively:

1) For the first situation:

If ηi satisfies the equation lim
t→∞ηi � 0, then we have

lim
t→∞P{||qi − qi+1||> ε} � 0. (23)

Now, we define filtration Ft �{[
q(ρ)�ω(ρ)�

]
, 0 < ρ < t

}
. The following three con-

ditions can be obtained in the first situation:

a) For spacecraft 2, . . . , N , owing to that the external dis-
turbance has been compensated, we regard Lyapunov
candidate V (t) � 1

2ω
� Jω + 1

2γ q
�(

T� ⊗ I4
)
q as a

stochastic process. V (t) is Ft -measurable for each time
t . Apart from q(t) and ω(t), V (t) is also determined by
their history, so V (t) only depends on {Fs , 0 ≤ s ≤ t}.
As a consequence, V (t) is adapted to the filtration Ft .

b) Because of the time derivation of Lyapunov candidate
V̇ (t) ≤ 0, V (t) is getting smaller. In addition,q(t) and
ω(t) are bounded; consequently, V (t) is also bounded.
Thus, we know that E{V (t)} is also bounded.

c) Due to that V̇ (t) ≤ 0, we know V (t) ≤ V (s) if t ≥ s.
In view of the fact that V (t) is measurable for each t and
the property of expectation, we have

E{V (t)|Fs} ≤ V (s), t ≥ s.

As a consequence, the above conditions yield that V (t) is
a super-martingale. Then, making use of the conclusion in
Lemma 1, we know that

lim
t→∞V (t) → V f , (24)

where V f is a finite nonnegative real number. From the equa-
tion V (t) � 1

2ω
� Jω + 1

2γ q
�(

T� ⊗ I4
)
q and lim

t→∞ωi �
03×1, it is clear that
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Fig. 2 The probabilities of the connectivity of the multi-spacecraft sys-
tems

Table 1 Initial conditions of each spacecraft

Spacecraft qi� ωi
�[rad/s]

S1 [
√
2/2 − √

2/200] [0.1 − 0.050.2]

S2
[
−0.6 0 0 − 0.8

]
[00.060.2]

S3
[
−0.5 0.5 0.5 0.5

]
[−0.02 − 0.05 − 0.1]

S4
[
0 0 − 1 0

]
[0.100.04]

S5
[
0.5 − 0.5 − 0.5 0.5

]
[−0.01 − 0.030.1]

S6
[
0 1 0 0

]
[0 − 0.1 − 0.1]

lim
t→∞

1

2
γ q�(

T� ⊗ I4
)
q

a.s.→ V f . (25)

Due to the fact that 12γ q
�(

T� ⊗ I4
)
q is the attitude errors

between spacecrafts and lim
t→∞P{||qi − qi+1||> ε} � 0,it fol-

lows that V f � 0. Therefore, we have

lim
t→∞(qi − qi+1)

a.s.→ 0, ∀i � 1, . . . , n. (26)

It also can be said that

P

{
lim
t→∞(qi − qi+1) � 0

}
� 1, ∀i � 1, . . . , n, (27)

which implies that the attitude errors between spacecrafts
almost surely converge to zero.

2) For the second situation:

If ηi satisfies the equation lim
t→∞ηi � 2E{ai (p)}, then we

have

lim
t→∞P{||qi + qi+1||> ε} � 0. (28)

We also define a filtration Ft �{[
q(ρ)�ω(ρ)�

]
, 0 < ρ < t

}
. Similar to the first situa-

tion, the following three conditions can be obtained:

a) We regard Lyapunov candidate V (t) � 1
2ω

� Jω +
1
2γ q

�(
M� ⊗ I4

)
q as a stochastic process with

M �

⎡
⎢⎢⎢⎢⎣

1 1 0 . . . 0
0 1 1 . . . 0
...
...
...
. . .

...
1 0 0 . . . 1

⎤
⎥⎥⎥⎥⎦

.

V (t) is Ft -measurable for each time t and is also adapted
to the filtration Ft .

b) E
{
V (t)

}
is also bounded.

c) In addition, we can get that

E
{
V (t)|Fs

} ≤ V (s), t ≥ s.

As a consequence, the above conditions yield that V (t) is
a super-martingale. Then, making use of the conclusion in
Lemma 1, we know that

lim
t→∞V (t) → V F , (29)

where VF is a finite nonnegative real number. Combinedwith
the Lyapunov candidate and the conclusion lim

t→∞ωi � 03×1,

it yields that

lim
t→∞

1

2
γ q�(

M� ⊗ I4
)
q

a.s.→ V F . (30)

Due to the fact that 1
2γ q

�(
M� ⊗ I4

)
q is with respect to

(qi + qi+1), ∀i � 1, . . . , n and lim
t→∞P{||qi + qi+1||> ε} � 0,

it follows that V F � 0. Therefore, we have

lim
t→∞(qi + qi+1)

a.s.→ 0, ∀i � 1, . . . , n. (31)

It also can be said that

P

{
lim
t→∞(qi + qi+1) � 0

}
� 1, ∀i � 1, . . . , n, (32)

which implies that the attitude errors between spacecrafts
almost surely converge to zero. It means that spacecraft i +
1 can transfer information to spacecraft i , and spacecraft i
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Fig. 3 Attitude under the proposed attitude controller

is capable of tracking spacecraft i + 1, resulting in attitude
consensus.

Since Z(q1) satisfies the property Z(q1)�q1 � 0, we have

lim
t→∞Z(q1)

�qd � 03×1. (33)

Hence, we know that Null
(
Z(q1)�

) � η1qd with η1 being
a constant. As a result, we obtain that as t → ∞, we have

qd � η1q1.

Since ‖qd‖� 1 and ‖q1‖� 1, we can further obtain η1 �
1. Therefore, it is clear that

lim
t→∞(q1 − qd ) → 04×1. (34)

Moreover, since lim
t→∞(qi − qi+1)

a.s.→ 0, ∀i � 1, . . . , n, it

is obtained that

lim
t→∞(qi − qd )

a.s.→ 04×1, ∀i � 1, . . . , n. (35)

This implies that the attitude errors between spacecrafts
and the virtual spacecraft almost surely converge to zero, and
all spacecrafts are capable of achieving the desired attitude
almost surely. This completes the proof.

6 Simulation results

In this section, we carry out a numerical simulation of a
multi-spacecraft system including six spacecrafts in a ring
topology to verify the effectiveness of the proposed adaptive
sliding-mode control law and analyze its performance. For
each spacecraft in the system, the inertia matrix and external
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Fig. 4 Attitude under the existing controller in 21

disturbances are assumed as follows:

Ji �
⎡
⎢⎣
60 0 −5
0 65 0
−5 0 70

⎤
⎥⎦kg · m2, i ∈ {1, 2, . . . , 6}

di � 10−2

⎛
⎜⎝

−1 + 3 sin
(
0.1t + π

2

)
+ 4 sin (0.03t)

1.5 − 1.5 sin (0.02t) − 3 sin (0.05t + π
2 )

1 + 2 sin (0.1t) − 1.5 sin (0.04t + π
2 )

⎞
⎟⎠,

i ∈ {1, 2, . . . , 6}.

The probabilities of information transmission between six
spacecrafts and a virtual spacecraft are shown in Fig. 2.
The communication probability can be the same or differ-
ent, constant or time-varying. That is to say, the stochastic
communication failure of each link is independent and inde-
terministic. The initial attitudes and initial angular velocities
are illustrated in Table 1. For the proposed controller, the
control gains are selected with γ � 65, K � 110,ki � 65,

r � 0.02, i ∈ {1,2, . . . , 6}. The desired attitude of the vir-
tual is set as qd � [0.1105, −0.468, −0.854, 0.1433]�. In
the following, two simulation cases are considered.

6.1 Case 1: attitude consensus of multi-spacecraft
systemwithout a virtual leader

For comparison, the attitude controller in 21 is also simulated.
To have a fair comparison, the leaderless attitude consensus
of the multi-spacecraft system is considered in Case 1, as
follows:

τi � −γ Z(qi )
�ai (p)(qi − qi+1) − ki sgn(ωi ) − d̂i ,max

ωi

||ωi || .
(36)

As shown in Figs. 3 and 4, the attitude errors among
spacecrafts under the proposed controller can gradually con-
verge to the common attitude with a high accuracy, while
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Fig. 5 Angular velocities and norms of control inputs under the proposed attitude controller

the steady-state consensus errors under the existing con-
troller in 21 are much worse than that under our proposed
approach. This is due to the fact that the existing controller
in 21 does not consider external disturbances in the design
process, andhence has limited robustness. The timehistory of
angular velocity and norm of the commanded control torque
of each spacecraft in the topology under the two controllers
are depicted in Figs. 5 and 6, from which it is clear that the
proposed attitude consensus control approach achieves bet-
ter angular velocity convergence accuracy than that of the
existing control approach in [21].

FromTable 2, we can see the difference of impactmade by
proposed control vs existing one of multi-spacecraft system
without a virtual leader in case 1. Compared with the sta-
ble attitude in [21], the controller we proposed can make the
attitude converge to a stable value and the angular velocity
converge to 0. However, the controller in [21] cannot con-
verge to a stable value, the angular velocity will fluctuate.
Therefore, the relative errors under the existing controller in
21 aremuchworse than that under our proposed approach and

the proposed attitude consensus control approach achieves
better angular velocity convergence accuracy than that of the
existing control approach in [21]. It means that the proposed
controller can better suppress the adverse impact caused by
disturbance.

6.2 Case 2: attitude consensus of multi-spacecraft
systemwith a virtual leader

In this case, we consider the spacecraft topology that there
is a virtual leader connected with the spacecraft 1, as the
topology shown in Fig. 2. Under this spacecraft topology,
the time history of the attitude with each spacecraft is shown
in Fig. 7. We can see that the proposed controller can ensure
the asymptotic convergence of attitude errors between fol-
lower spacecrafts and the virtual spacecraft. Figure 8 shows
the angular velocity and the norms of the commanded control
torques of each spacecraft. With proposed controller, we can
see that the angular velocity of the multi-spacecraft system
tends to be stable over time. In the simulation, the control
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Fig. 6 Angular velocities and norms of control inputs under the existing controller in [21]

Table 2 Comparison of [21] and
proposed controller under
disturbance

Relative attitude error Relative angular velocity
error

qi1 qi2 qi3 qi4 ωi1 ωi2 ωi3

[21] 0.114 0.096 0.108 0.035 0.003 0.003 0.001

Proposed scheme 0.001 0.005 0.002 0.002 0.001 0.001 0.0001
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Fig. 7 Attitude under the proposed attitude controller when there is a virtual leader in the topology

torque curve of each follower spacecraft is shown. In addi-
tion, it can be observed that the control torque is only large
in the initial stage and there is a certain oscillation. When the
attitude consensus errors become small, the control torque
can be kept in a small range. Due to the physical limitation
of actuators, we add a constraint that the control input torque
cannot exceed 10N · m in the simulation process.

7 Conclusion and future work

An adaptive attitude consensus control strategy is proposed
for multi-spacecraft systems subject to stochastic commu-
nication link failure and environmental disturbances. The

spacecraft topology of interest is made up with multiple fol-
lower spacecrafts and a virtual leader. Taking advantages
of the sliding-mode control technique and super-martingale
convergence theorem, the proposed adaptive attitude con-
troller guarantees that the attitudes of all follower spacecrafts
almost surely converge to a desired attitude in spite of the
disturbances and indeterministic information exchange chan-
nels. Simulation results for a group of six spacecrafts with
a virtual leader are shown to validate the proposed attitude
consensus controller with an improved performance. In the
future, input saturation, inertia uncertainties, and a more
general communication topology can be incorporated in the
adaptive stochastic attitude consensus controller design.

123



Aerospace Systems

Fig. 8 Angular velocity and norms of the control torque under the proposed attitude controller when there is a virtual leader in the topology
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