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Abstract— In contrast to past studies that treat each config-
uration of Single Gimbal Control Moment Gyros (SGCMGs)
individually, this paper introduces a unified coordinate frame
such that two SGCMGs in arbitrary configuration can be
transformed into a unified description. Using this description,
the angle between two fixed gimbal axes becomes the unique
parameter to determine the shape of the momentum envelope
and various singular surface, which offers the convenience for
singularity analysis and configuration optimization. For differ-
ent angles of two gimbal axes, we investigate its corresponding
singularity and provide a thorough analysis. Consequently,
this angle is optimized from the viewpoint of maximizing the
momentum envelope. This work may lay foundation for the
application of two SGCMGs in satellite attitude control.
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1. INTRODUCTION
For spacecraft, the whole angular momentum is conservative
without the consideration of external disturbancies. Thus
momentum exchange is an effective way in spacecraft atti-
tude control. Actuators based on such a principle include
Reaction Wheel (RW) and Control Moment Gyro (CMG).
RW is a spinning rotor which can accelerate or decelerate
during the control process. CMG is a device consisting of
a rotor fixed on some gimbals. When the rotor velocity
varies, it is the Variable Speed CMG (VSCMG).When the
rotor rotates at a constant speed, CMGs can be divided into
Single Gimbal CMG (SGCMG) and Double Gimbal CMG
(DGCMG) categorized by the number of gimbals. Compared
to the DGCMG and VSCMG, SGCMG has the advantage
in mechanical simplicity from the hardware viewpoint. It
also offers significant cost, power, weight, and reliability ad-
vantages over DGCMGs [1] and owns the significant torque
amplification property; i.e. the produced output torque is
much larger than the provided gimbal axis torque [2]. Thus
SGCMG has become an ideal actuator for spacecraft attitude
control and been widely investigated.

The output torque of an SGCMG is a processional, gyro-
scopic reaction torque perpendicular to both the rotor spin
and gimbal axes due to torquing the gimbal [3]. Due to this
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geometric constraint, there will always exist some situations
where all the output are collinear or coplanar. These situa-
tions are called singularity and the direction without output
is called singular direction. Margulies and Aubrun estab-
lished the mathematical foundation of singularity analysis
[4]. Based on this work, Wie showed a novel viewpoint in
characterizing and visualizing the physical as well as math-
ematical nature of the singularities in [3]. Then singularity
problem for redundant or non-redundant system with respect
to different SGCMG configurations has been addressed in [5],
[6], [7].

Recently, Bhat, et al. has proved the controllability of
the spacecraft containing one or more CMGs on the same
momentum level. They also derived the sufficient condition
for the controllability of a two-SGCMG spacecraft. It states
that the spacecraft is controllable if the initial momentum of
whole system is smaller than that of the CMGs [8]. This
stimulates the interests in study of under-actuated spacecraft
attitude control using two SGCMGs [9], [10], [11]. However,
the significant obstacle of singularity still exists. Most of the
existing works focus on the specific configuration they used:
two parallel (coaxial) CMGs are employed and corresponding
singularities are briefly introduced in [9], [12]; a pyramid-
type two-CMG system and two-skew system (both belong to
the non-coaxial configuration) with the singularity is studied
in [11] and [12]. Extension from such a specific configuration
to an arbitrary one is important so as to be applicable to the
fault-tolerant control of a redundant system [13]. Then the
under-actuated system will not only provide a fail-operation
mode, but also improve the reliability of attitude control
system, simplify collection of actuators, decrease cost and
economize energy [14].

Motivated by the aforementioned observation, this paper
builds a general frame to describe the two-CMG system.
Since the gimbal axes are fixed in the spacecraft and the
gimbal plane containing these two gimbals is unique for most
of the cases, we can use this plane and the corresponding
positive normal to build a unified frame and show a panorama
of the two-CMG system regardless of the configuration. The
cases when gimbals are parallel or anti-parallel can be easily
transformed into an unified description. In this description,
the angle between two fixed gimbal axes becomes a unique
parameter to determine the shape of the momentum envelope
and various singular surface, which offers the convenience for
singularity analysis and configuration optimization. We show
the singular surfaces with respect to different angles and pro-
pose some suggestions in choosing the optimal configuration.

2. UNIFIED COORDINATE FRAME
An SGCMG consisting of a spinning rotor fixed in a gimbal

frame is shown in Fig. 1. The rotor spins along the axis ĥi
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with a constant wheel speed Ωi, the gimbal rotates along the

gimbal axis ĝi orthogonal to ĥi with a gimbal angular velocity

δ̇i and the gyroscopic output τ̂i = ĝi × ĥi is perpendicular

to both ĝi and ĥi. These unit vectors form a CMG body

coordinate denoted as Gi = {ĝi, ĥi, τ̂i} with the subscript
i denoting the ith CMG.
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Figure 1. Schematic diagram of SGCMG

Firstly, we consider a two-CMG system with a non-coaxial
configuration and the CMGs are denoted as CMG-i, CMG-
j(i �= j; i, j = 1, 2) as shown in Fig. 2. Since the gimbal
axes are fixed, we can always define new vectors as:

ĥi = ĝi × ĝj

(
ĥj = ĝj × ĝi = −ĥi

)
(1)

Also, we can define these vectors in an opposite way; i.e.

ĥi = ĝj × ĝi. What we need to do is to make the definition
and the calculation be consistent. Then the new output torque
direction can be obtained as:

τ̂i = ĝi × ĥj

(
τ̂j = ĝj × ĥj = ĥi × ĝj

)
(2)

After this definition, we obtain the unified CMG coordinate

frame Gi = {ĝi, ĥi, τ̂i} and Gj = {ĝj , ĥj , τ̂j}.
Now let us find the relationship of the new gimbal angle δi
and the initial angle δi0. Notice that ĥ

′
i traces the black circle

which is orthogonal to gimbal axis ĝi in the ĥi0 − τ̂i0 plane.
As shown in Fig. 2, we can always find the intersection of the

ĥi0 − τ̂i0 plane (marked as a black circle) and ĝi − ĝj plane

(marked as a red circle), which are ĥ
′
i and τ̂i. As an element

in the ĥi0− τ̂i0 plane, ĥ
′
i can be expressed in the initial frame

Gi0:

ĥ
′
i = cosϕiĥi0 + sinϕiτ̂i0 (3)

where ϕi is a negative gimbal angle. According to the figure,

we can obtain ĥi by rotating ĥ
′
i 90 degree positively. Then we

have

ĥi = cos
(
ϕi +

π

2

)
ĥi0 + sin

(
ϕi

π

2

)
τ̂i0

= − sinϕiĥi0 + cosϕiτ̂i0 (4)

Also we can replace ϕi+
π
2 by−ϕi− π

2 , which is determined
by the definition (1).
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Figure 2. Principle in building unified frame

Since ĥ1 is perpendicular to both of gimbal axes ĝ1 and ĝ2,
we have:⎧⎪⎨
⎪⎩

ĥT
1 ĝ1 = − sinϕ1ĥ

T
10ĝ1 + cosϕ1

(
ĝ1 × ĥ10

)T

ĝ1 = 0

ĥT
1 ĝ2 = − sinϕ1ĥ

T
10ĝ2 + cosϕ1

(
ĝ1 × ĥ10

)T

ĝ2 = 0

(5)

Similarly, we can find the relationship of ĥ2 with ĝ1 and ĝ2:⎧⎪⎨
⎪⎩

ĥT
2 ĝ1 = − sinϕ2ĥ

T
20ĝ1 + cosϕ2

(
ĝ2 × ĥ20

)T

ĝ1 = 0

ĥT
2 ĝ2 = − sinϕ2ĥ

T
20ĝ2 + cosϕ2

(
ĝ2 × ĥ20

)T

ĝ2 = 0

(6)

Solving equation (5) and (6), we obtain the angles ϕ1 and ϕ2.
Then the gimbal angle expressed in the unified frame can be
re-expressed as:

δi = δi0 −
(
ϕi +

π

2

)
= δi0 − ϕi − π

2
(i = 1, 2) (7)

Secondly, we assume that the gimbal axes are collinear; i.e.
ĝ1 = ĝ2 or ĝ1 = −ĝ2. In such an occasion, the gimbal plane
is not unique. We need to modify the definition to guarantee
the feasibility of the unified frame for this case. To simply the
transformation, we can make one of new frames be consistent
with the original one. Without loss of generality, we choose

ĝ1 = ĝ2 and τ̂1 = τ̂10. Then ĥ2 = −ĥ10 and τ̂2 = ĥ10 × ĝ2.
Also we can obtain the current gimbal angle as δ1 = δ10,
δ2 = δ20 + ϕ with ϕ determined by the relative position of

ĥ2 and ĥ2.

Hence, for any configuration of the two-SGCMG system, the
angular moment and output torque can be expressed as:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

hi = h0 cos δiĥi + h0 sin δiτ̂i

= h0 cos δi [ĝi × ĝj ] + h0 sin δi [ĝi × (ĝi × ĝj)]

τi = −δ̇ih0 sin δiĥi + δ̇ih0 cos δiτ̂i

= −δ̇ih0 sin δi [ĝi × ĝj ] + δ̇ih0 cos δi [ĝi × (ĝi × ĝj)]
(8)
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with h0 and δ̇i being the angular momentum of the rotor and
gimbal angular velocity.

Example 2.1 Traditional pyramids configuration

For the typical pyramid configuration, the gimbal axes matrix

G = [g1 g2 g3 g4] and H =
[
ĥ10 ĥ20 ĥ30 ĥ40

]
are:

G =

[
sβ 0 −sβ 0
0 −sβ 0 sβ
cβ cβ cβ cβ

]
, H =

[
0 −1 0 −1
1 0 −1 0
0 0 0 0

]

with sβ representing sinβ, cβ representing cosβ and β being
the skew angle.

In this example, we will show how to describe the system in
the unified frame for CMG (1, 2) pair and CMG (1, 3) pair.

a). CMG (1, 2) pair

According to definition (1), we have{
ĥ1 = ĝ1 × ĝ2 = p[cβ −cβ −sβ]T

ĥ2 = ĝ2 × ĝ1 = p[−cβ cβ sβ]
T
= −ĥ1{

τ̂1 = ĝ1 × ĥ1 = p
[
c2β 1 − sβ cβ

]T
τ̂2 = ĝ2 × ĥ2 = p

[−1 −c2β − sβ cβ
]T

where p = 1/
√
1 + c2β . According to relationship (3) to

(5), we have

ϕi = arccos
(
ĥT
i ĥi0

)
− π

2
(9)

Thus ⎧⎨
⎩

ϕ1 = arccos (−pcβ)− π

2

ϕ2 = arccos (pcβ)− π

2

b). CMG (1, 3) pair

For CMG (1, 3) pair, we can easily obtain{
ĥ1 = [0 −1 0]

T
= −ĥ10

ĥ3 = [0 1 0]
T
= −ĥ30

{
τ̂1 = [cosβ 0 − sinβ]

T
= −τ̂10

τ̂3 = [− cosβ 0 − sinβ]
T
= τ̂30

and

ϕ1 = ϕ3 =
π

2

Remark 1: In case b), the unified frame is obtained by rotating
180 degree along the gimbal axis. Obviously it’s useless to
make such a transformation. Actually, we can modify the

definition of equation (1) by ĥi = ĝj × ĝi . Then the unified
frame will be consistent with the initial frame.

Example 2.2 Coaxial configuration

(a)Parallel

(b)Anti-parallel

Figure 3. Coaxial configuration

Both the parallel and anti-parallel configurations are demon-
strated in Fig. 3. It is clear from Fig. 3(a) and Fig. 3(b)
that the angular momentum of each rotor are in opposite
directions. This observation is consistent with the definition
of the unified coordinate frame. Thus Fig. 3 shows the typical
unified frame for the coaxial configuration.

In other cases, it is easy to transform the initial frame Gi0 into

Gi. First, we can find the corresponding ĥj by choosing the

opposite direction of ĥi. Then the angle difference between

δi and δi0 is easy to compute because ĥi tracks a circle in a

unique plane which is perpendicular to ĝi and passes ĥi0.

3. SINGULARITY ANALYSIS
In the previous section, we introduce a unified frame to
describe the two-SGCMG system. Such a frame is built on
the basis of the gimbal plane and its positive normal. On
the same basement, we can construct a body frame B =
{X,Y,Z} as shown in Fig. 4. First, we assume that the
CMGs are in non-coaxial configuration, which is convenient
to define the body frame and the coaxial configuration will be
regarded as a particular case. Then Z axis is defined along the

direction of ĝ1 × ĝ2; i.e. the direction of ĥ1; Y axis is along
the intermediate direction of ĝ1 and ĝ2; i.e. the direction of
ĝ1+ ĝ2; X axis forms a right-hand coordinate frame together
with Y and Z. The skew angle between the two gimbals is
denoted as θ, which belongs to the interval [0, π].

According to the definition, the gimbal axes can be written
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Figure 4. Configuration of the CMGs in body frame

as:

ĝ1 =

[
s (θ/2)
c (θ/2)

0

]
, ĝ2 =

[− s (θ/2)
c (θ/2)

0

]
(10)

and the angular momentum axes can be expressed as:

ĥ1 =

[
0
0
1

]
, ĥ2 =

[
0
0
−1

]
, τ̂1 =

[
c (θ/2)
− s (θ/2)

0

]
, τ̂2 =

[− c (θ/2)
− s (θ/2)

0

]

(11)

Assuming the gimbal angles are δ1 and δ2 respectively, we
obtain h1 and h2 from equation (3):

h1 = h0

[
s δ1 c (θ/2)
− s δ1 s (θ/2)

c δ1

]
, h2 = h0

[− s δ2 c (θ/2)
− s δ2 s (θ/2)− c δ2

]
(12)

and the output torque:

τ = τ1+τ2 = h0

[
cδ1 c (θ/2) −cδ2 c (θ/2)
−cδ1 s (θ/2) −cδ2 s (θ/2)−sδ1 sδ2

] [
δ̇1
δ̇2

]
= h0Aδ̇

(13)

In the following simulation, h0 will be assumed to be 1Nm.

A. Angular momentum

Equation (12) demonstrates the angular momentum of each
CMG, and then the total angular momentum is obtained as:

h = h0

[
(s δ1 − s δ2) c (θ/2)
− (s δ1 + s δ2) s (θ/2)

c δ1 − c δ2

]
(14)

It is clear that hy = 0 when θ = 0, and then the angular
momentum vector will stay in the hx − hz plane as shown in
Fig. 5(a). When θ varies from 0◦ to 90◦, the attainable mo-
mentum grows from a planar disk to a uniformly distributed
3-dimensional sphere, with four inwards trumpets removed
from the sphere along the X/−X and Y/− Y axes. All the
spheres share a similar shape as shown in Fig. 5(b) and are
distinguished by the attainable momentum magnitude along
X and Y axes. When θ continues to grow from 90◦ to 180◦,
the sphere loses weight in the X axis orthogonal to Y in

which direction it grows fatter, and finally degenerates to a
planar disk as in Fig. 5(c).

Remark 2: It can be concluded from the above analysis that
θ determines the distribution of angular momentum in the 3-
dimensional space and has the largest and most uniformly
distributed volume when θ = 90◦.

From equation (14), we can get the magnitude of the momen-
tum as:

H = ‖h‖22 = h0
2 (2− 2 sin δ1 sin δ2 cos θ − 2 cos δ1 cos δ2)

= h0
2 (2 + (cosα− cosβ) cos θ − (cosα+ cosβ))

(15)
with α = δ1 + δ2, β = δ1 − δ2.

a) When θ = 0◦, Eq (15) becomes H = h0
2 (2− 2 cosβ).

The maximum occurs at β = (2k + 1)π, (k ∈ Z), namely
δ1 = δ2 + (2k + 1)π, (k ∈ Z). The minimum locates at the
straight line β = 2kπ, (k ∈ Z); i.e. δ1 = δ2 + 2kπ, (k ∈ Z).
This is demonstrated in Fig. 6(a).

b) When θ = 180◦, it becomes H = h0
2 (2− 2 cosα).

Consequently, the maximum and minimum occur at α =
(2k + 1)π, (k ∈ Z), and α = 2kπ, (k ∈ Z), which is δ1 =
−δ2 + (2k + 1)π, (k ∈ Z) and δ1 = −δ2 + 2kπ, (k ∈ Z)
respectively. This is demonstrated in Fig. 6(f).

c) When θ varies in the interval (0, π/2), the peak and valley
will be staying on the straight line determined by θ = 0◦.
However, subsidence and uplift occurs at the peak and valley
and they reach the same height when θ = 90◦. Afterwards,
the subsidence goes down and uplift rises up to form a new
valley and peak determined by θ = 180◦. This trend is shown
in Fig. 6 with θ going from 0◦ to 180◦.

Remark 3: As seen in the aforementioned observation, θ
influences the distribution of momentum magnitude. When
θ = 90◦, the peaks and valleys are uniformly distributed.

B. Singular surface

Noticing that rank (A) ≤ 2, thus the two-CMG is always sin-
gular and the singular direction τs can be directly computed
as:

τs = τ1 × τ2 =

[−s (δ1 + δ2) s (θ/2 )
s (δ1 − δ2) c (θ/2 )

cδ1cδ2sθ

]
(16)

It is clear that τs = [0 1 0]
T

and τs = [1 0 0]
T

when
θ = 0◦ and θ = 180◦ respectively, which means the output
torque will be constrained in the x− z plane and y − z plane
as well as the angular momentum. From another aspect, δ1 =
δ2+kπ results in τs(x) = 0 no matter how θ varies. Similarly,
δ1 = −δ2 + kπ results in τs(y) = 0. These conditions are
consistent with the peak and valley condition in analyzing the
magnitude of the momentum. Thus the singularity can be
reflected by the distribution of angular momentum, and one
classical method is the cutting plane technique.

Since only two CMGs are installed, there will be two cat-
egories of singularity: 2H and 0H. In 2H singularity, all the
angular momentum vectors are located in the same side of the
plane, which is orthogonal to the singular direction and con-
tains all the output torques. This type of singularity reflects
the maximum angular projection onto the singular direction
and leads to the saturation. If one of the angular momentum
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(a)θ = 0◦ (b)θ = 90◦ (c)θ = 180◦

Figure 5. Angular momentum

(a)θ = 0◦ (b)θ = 30◦ (c)θ = 45◦

(d)θ = 60◦ (e)θ = 90◦ (f)θ = 180◦

Figure 6. Influence of θ on the momentum magnitude

(a)2H surface with θ = 0◦ (b)0H surface with θ = 0◦/180◦ (c)2H surface with θ = 180◦

Figure 7. Attainable singular surface with θ = 0◦ or θ = 180◦

vector is reversed, the 0H singularities are determined.

For visualization and simulation, we can parameterize the sin-
gular direction on the S2 surface with a spherical coordinate
as:

u = [cos (ϕ) cos (λ) cos (ϕ) sin (λ) sin(λ)]
T

with λ ∈ [−π, π] , ϕ =
[−π

2 ,
π
2

]
. When the singularity

occurs, the output torque lies in the plane orthogonal to the
singular direction. Then we can get the ith output as:

τi = εi
gi × u

|gi × u| = εi
gi × u√

1− (gi · u)2
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(a)2H surface with θ = 90◦ (b)0H surface with θ = 90◦ (c)Singular surface with θ = 90◦

Figure 8. Attainable singular surface with θ = 90◦

(a)Quarter of 2H surface with θ = 0◦ (b)Quarter of 0H surface with θ = 0◦/180◦ (c)Quarter of singular surface with θ = 180◦

Figure 9. Decomposition of singular surface with θ = 0◦ or θ = 180◦

with εi = ±1 being direction of the output torque. By the
definition of the Gi, ith angular momentum can be expressed
as:

hi = τi × gi = εi
(gi × u)× gi
|gi × u| = εi

u− (gi · u)gi
|gi × u|

When all the εi are positive or negative, 2H surface is
obtained as shown in 8(a) and 9(a). When one of the εi is
reversed, 0H surface is obtained as in 8(b) and 9(b).

Illustrated as 8(a), 2H singular surface (saturation singular
surface) is a sphere with four disks removed along the X/−X
and Y/−Y axes. A detailed quarter of this surface is shown in
9(a). From the projection of the surface on the hx−hy plane,
it seems that the sphere is cut by a plane and a circular hole is
remained. On the contrary to the 2H surface, that is a part of
the external boundary of the momentum envelope, 0H surface
is the internal singularity. It is composed of four trumpets
and intersected at the origin as demonstrated in 8(b) and 9(b).
These two manifolds of 2H and 0H surfaces are connected at
the four sharp points in X − Y plane; i.e. δ1 = δ2 = π/2,
δ1 = δ2 = 3π/2, δ1 = π/2, δ2 = 3π/2 or δ1 = 3π/2, δ2 =
π/2. These points correspond to those who make τs = 0.

4. CONFIGURATION OPTIMIZATION
For the CMG-actuated attitude control system, the controlla-
bility and the complexity of the steering law are the two main
concerns. According to [8], spacecraft is controllable only
when the CMG angular momentum is larger than that of the
overall system. Thus enlarging the angular momentum will
increase the feasiblity and diversity of the control mission.
However, with the increasement of the moment envelope, the
complexity of the singularity increases, which in turn adds the

complexity of the steering law. Thus it limits the application
in real mission.

A. Optimization about momentum

Bhat gives the controllability condition of CMG system [8].
Bayadi, et al. [15] and Gui, et al. [14] analyzed the local
controllability of two-SGCMG system and pointed out that
the spacecraft-CMG system is locally controllable when the
total angular momentum is zero. This implies that angular
momentum of the overall system should be completely under
the control capacity of the CMG array.

Instead of regarding the CMG as a pure actuator, we consider
the combined dynamic of the spacecraft-CMG system. Then
the angular momentum of CMG array is the control signal,
which is

u =

[
u1
u2
u3

]
= h0

[
(sδ1 − sδ2) c (θ/2 )
− (sδ1 + sδ2) s (θ/2 )

cδ1 − cδ2

]
(17)

We can easily verify that h1 ∈ [−2h0c (θ/2 ) , 2h0c (θ/2 )],
h2 ∈ [−2h0s (θ/2 ) , 2h0s (θ/2 )] and h2 ∈ [−2h0, 2h0].
Then the angular momentum will contain a sphere of radius

r = min {h0c (θ/2 ) , h0s (θ/2 )} with θ ∈
(
0

◦
, 180

◦)
.

Then the optimization objective is to find the optimal θ to
maximize the radius r, i.e:

θopt = max r (θ) = max {min {h0c (θ/2 ) , h0s (θ/2 )}}
(18)

The optimal solution occurs when θ = 90◦ and the maximum
r = sqrt(2)/2h0. The optimized angular momentum is
shown in Fig. 5(b).

6



B. Optimization about steering law

When the CMGs are viewed as pure actuators, steering logic
is necessary to map the control command into the gimbal
angular rate. The steering algorithm is to find a solution of
gimbal states that accurately map the desired output torque to
the SGCMG array while minimizing torque error and/or the
amount of gimbal actuation used [16]. Existing steering laws
can be categorized into singular avoidance, singular escape
and hybrid logics [17], [18]. When the singularities are
elliptic or impassable, singular avoid strategies are invalid.
Then singular escape algorithms are essential, which, how-
ever, leads to a torque error.

Due to the induced torque error, the simpler the singular
surface, the higher the ideal attitude control precision. Then
it seems that the co-axial configuration poses an advantage.
However, the initial condition with both δ1 and δ2 equal
to zero is an elliptic singular case. This implies the high
precision attitude control is destroyed at the beginning of
maneuver. It’s quite undesirable. Besides, the small time
locally controllability is not guaranteed since there’s no 3-
dimensional sphere to contain the origin as its interior point.
Combined with the optimization result determined from the
viewpoint of controllability, θ = 90◦ is the optimal choice of
the skew angle between the two gimbal axes.

5. CONCLUSION
A unified coordinate frame based on the unique feature of
the CMG configuration has been introduced. Based on the
unified frame, the angular momentum and the output torque
are restated. Then the singular characteristics are presented
and visualized. The CMG configuration has been optimized
from the viewpoint of controllability and steering law. The
optimized skew angle is concluded to be π/2. This work can
be a guide to the under-actuated control system using two
SGCMGs.
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