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Abstract—This paper aims at investigating finite-time fault-
tolerant attitude stabilization control designs for rigid spacecrafts
involving two types of actuator faults and modeling uncertainties.
In order to express the attitude dynamics in a more convenient
manner, the Lagrange-like equation is adopted to describe
spacecraft attitude dynamics. Using the terminal sliding mode
technique, an on-line adaptive law is employed to estimate
the bounds of the uncertainties, and finite-time convergence
is achieved by an adaptive fault-tolerant controller in spite of
actuator faults. Besides showing fault-tolerant capability, finite-
time stability is also guaranteed not only in the reaching phase
but also in the sliding phase. Simulation results illustrate the
effectiveness of the proposed method.

I. INTRODUCTION

In safety-critical systems, a minor fault in a single compo-
nent can result in severe performance deterioration or may
even produce catastrophic effects. A way to enhance the
system reliability and safety in the presence of undesirable
faults is by means of fault-tolerant control (FTC) strategies
[1], [2], [3]. Generally speaking, the available schemes can be
classified into two categories: passive FTC and active FTC.
The active FTC approach reacts to the system component
malfunctions by reconfiguring the controller based on real-
time information from a fault detection and diagnosis (FDD)
scheme. Contrary to active approach, passive method utilizes
a unique robust controller to deal with all expected faults.
In practice, the fault can progress rapidly and the critical
system may even become unstable before a desired active
fault-tolerant controller can be synthesized [4], [5]. Motivated
by the above, this paper concentrates on developing a passive
fault-tolerant controller for a spacecraft attitude control system
to handle actuator faults.

Several results concerning spacecraft attitude control with
actuator faults have been reported [6], [7], [8], [9]. An ap-
plication of variable structure control techniques to spacecraft
attitude stabilization was proposed in [6]. Both passive and
active reliable control laws were designed to tolerate the
outage of actuators. In [7], by using dynamic inversion and
time-delay control theory, a FTC method for attitude tracking
control with four reaction wheels was developed. Cai et al.
[8] developed an indirect robust adaptive FTC strategy for
spacecraft attitude tracking to accommodate modeling uncer-
tainties and thrust faults. In [9], two fault-tolerant adaptive
sliding mode control schemes were designed to guarantee

global asymptotic convergence of the position tracking error
for multiple spacecraft formation flying.

It is well known that a system with finite-time convergence
property may ensure higher accuracy, better disturbance re-
jection properties as well as robustness to uncertainties [10],
[11]. Due to these advantages, some effective approaches have
been developed on synthesizing finite-time controllers to the
spacecraft attitude stabilization problem. In [12], two sliding
mode controllers are proposed to achieve finite-time attitude
convergence in the presence of model uncertainties and ex-
ternal disturbances. As an extension to [12], fast terminal
sliding mode (FTSM) attitude control schemes were presented
in [13]. In [14], a finite-time attitude tracking control scheme
was derived by using modified FTSM and Chebyshev neural
network. Nevertheless, it should be pointed out that these
approaches do not explicitly consider actuator faults, and thus
may suffer performance degradation in the presence of faults.

In this paper, we shall deal with the problem of compensat-
ing for possible actuator failures or faults to stabilize the space-
craft attitude with finite-time convergence. Based on FTSM
manifold, the spacecraft attitude dynamics are transformed into
a lagrange-like expression with respect to FTSM. With the aid
of adaptation mechanism, the bounds of external disturbances,
inertia uncertainties, and actuator faults are estimated so
that the priori knowledge on these bounds can be relaxed.
Consequently, an adaptive FTC approach is proposed which
can guarantee the stability of the overall closed-loop systems
and finite-time convergence of the spacecraft attitude as well
as its time derivative despite the presence of actuator failures
or faults. The effectiveness of the proposed FTC schemes are
validated by the simulation.

II. PRELIMINARIES

A. Spacecraft Dynamic Equation and Kinematics Equation

The nonlinear differential equations that govern the kine-
matics and dynamics of the spacecraft in terms of quaternion
can be expressed as [8]

J()w = —w* J(w + D7 + d(t) (1)
1
q'v = §(QUX + (Jofs)w (2)
1
do = —§qu% 3)



where J(-) € R3*3 is the inertia matrix of the spacecraft,
w € R3 is the angular velocity vector of the spacecraft with
respect to an inertial frame 7 and expressed in the body frame
B, (gv,90) € R? x R denotes the unit quaternion describing
the attitude orientation of the body frame 5 with respect to
inertial frame 7 and satisfies the constraint ¢! ¢, + ¢2 = 1,
7 € R™(n > 3) is the control torque produced by n actuators,
D € R3*" is the actuator distribution matrix, d(t) € R is
the external disturbance. Note that I3 € R3*3 is the identity
matrix and a* € R3*3 represents a skew-symmetric matrix
for a vector a = (ay,az,a3)’ given by

0 —as a9
a” = as 0 —a
—as9 al 0

Here, it is assumed that there exists uncertainty in the matrix
J(), ie. J(-) = Jo + AJ, where Jy and AJ denote the
nominal part and uncertain part of J(-) respectively. Then (1)
can be rewritten as

Jow = —w Jow + DT+ d(t) — AJw —w*AdJw  (4)

For a fault-free case, the output of an actuator is equal to its
input. In this paper, two types of actuator faults are considered,
namely loss of actuator effectiveness and additive fault (e.g.
bias fault). These faults that may be modeled as follows:

T=E{)u.+u 5)
where u. is denoted as the input of the actuator, and
E(t) = diag (e1(t), ea(t), ..., en(t)) with 0 < e;(t) < 1(i =
1,2,...,n), represents the effectiveness of actuators. Note
that the case e;(t) = 1 indicates that the ith actuator works
normally, 0 < e;(¢) < 1 implies that the ith actuator partially
loses its effectiveness, and e;(t) = 0 denotes complete failure
of the ith actuator. w € R"™ represents the actuator fault

entering the spacecraft in an additive way. Hence, the attitude
dynamic model with actuator faults can be written as

Jow = —w* Jow + DE(t)u.+ Du
+d(t) - Adw —w*AJw (6)
B. Transformed Spacecraft Attitude Dynamics

To express the attitude dynamics in a more convenient
manner, the Lagrange-like equation is adopted to describe
spacecraft attitude dynamics. Denoting 1" = %(qvX +qol3) €
R3%3, (2) can be expressed as

W= P(jv @)

with
1 -1
P=T"= {Q(va +CI0IS)} ®)

After taking the time derivative of (7), the following expression
for w is obtained:

w = Pg, + P, 9)

Substituting (7) and (9) into (6) and premultiplying both sides
of the resulting expression by P7 lead to
J* G, = =24, + PTDE(t)u. + PTDu+T;  (10)

where J* = PTJP, 2 = PTJ,P — PT (JyPg,)" P,
and T, = PT(d(t) — AJw — w*AJw). T, is considered
as the lumped disturbances and uncertainties. Regarding the
dynamic model given in (10), the following properties are
given according to [14], [15].

Property 1: The matrix J* is symmetric positive definite
and the matrix J* — 2= satisfies the following skew-symmetric
relationship:

27 (J*—QE)x:O vz € R? (11)
Property 2: The inertia matrix J* satisfies the following
bounded condition:

Jz|? < 2TTe < J|z|* VzeR? (12)
where J and .J are positive constants.
For the development of control law, the following assump-
tions are given.
Assumption 1: To ensure that P defined in (8) exists, the
following condition should be satisfied:
1
det(T) = 50 #0 Yt € [0, 00) (13)
In order to guarantee that (13) remains valid, it is required
that the initial conditions satisfy this constraint, and that the
controller is designed to guarantee that gy # O for all ¢ > 0.
Assumption 2: The lumped term Ty of the disturbances and
uncertainties is assumed to satisfy the following condition:
T4l < 7092 (14)
where Q = 1 + ||w|| + ||w||® and ~o is a positive constant.
Assumption 3: The additive fault introduced in the fault
model (5) satisfies
[l < fo (15)
where fj is a positive constant.
Assumption 4 [8]: The matrix DEDT is positive definite,
and

0 < ey < Apmin(DEDT) (16)
where A, (+) represents the minimum eigenvalue of a matrix
and e is a positive constant.

Remark 1: The assumption 4 means that, although the n
actuators (n > 3) may suffer from partial loss of actuator
effectiveness or even complete failure, the number of totally
failed actuators is no more than n—3 such that DE D' remains
positive definite.



C. FTSM Manifold Design

To develop the control scheme, the FTSM manifold s € R3
is defined as

8§ =gy +aqy, + ﬂSig (QU)T =0 17

where « = diag(a, a9, a3) and § = diag(S, B2, P3) are
positive definite and diagonal matrices, r is a positive constant
satisfying 0 < r < 1, sign(-) is the standard sign function,
and sig(-) function is defined as

) ) ) . T
sig(x)" = [|1|"sign(zy) |wa| sign(ws) |va| sign(zs)]

where z; is the jth component of z, j = 1,2, 3.
Differentiating s with respect to time yields

$ =gy + gy + Brdiag(|ge|" ") e (18)

Since (18) contains a negative fractional power r — 1, the
singularity will occur if ¢, ; = 0 and ¢, ; # 0. To avoid
singularity, first order derivative of s is modified as [16]

5= Gy + agy + Bqur (19)

with g, € R? defined as
—1. . .
71qv.5 |1T duj, iflqul =€ andqy,; # 0
rlel”  Guj, if|qu;| <€ andg,; #0 (20)
0, ifqu; =0
where ¢, ; is the jth component of g, € is a small positive

constant, and j = 1, 2, 3. Then, considering (10), (17), and
(19), it can be shown that

Qur,j =

J*s=—-Z2s+ P'DFEu, + PPDu+F+T; (21)

where F' = Zaq, + Z8sig(q,)" + J*agy, + J*Bqur-
Lemma 1 [17]: Suppose a1, as, . .., a, are positive numbers
and 0 < p < 2; then the following inequality holds:

(a1 + a3+ +ay)” < (af +ah+- - +af)?

Lemma 2 [17]: Assume p; >0, po >0,and 0 <o < 1;a
continuous positive definite function V' satisfies the following
inequality:

V<—pV—p Ve Vt>0 (22)

then, it can be found that V' which starts from V'(0) can reach
V' = 0 in finite time. Moreover, the reaching time Ti.cqcp 18
given by

1 l1-0
1 PV "7(0) + p2

T, <
reach = pi(l—o) P2

(23)

Lemma 3: Consider the terminal sliding mode manifold s
defined by (17). If the sliding mode manifold satisfies s = 0,
then the equilibrium point ¢, = 0 is globally finite-time stable,
i.e., the system state g,, which starts from ¢, (0) converges to
Gy = 0 in finite time.

Proof: See the Appendix. ]

III. CONTROL DESIGN

In this section, we shall show the development of an
adaptive finite-time fault-tolerant controller to solve the at-
titude stabilization problem under actuator failures or faults.
In Practice, the bounds on the inertia uncertainties, external
disturbances and actuator faults are not always available due to
the complicated structure of disturbance, time-varying inertia
property, and unexpected characteristics of fault. Therefore, in
order to avoid the requirements of a priori knowledge of these
bounds, an adaptive mechanism is introduced to estimate these
bounds information.

The adaptive control law is designed as

U = DTP_T[ — Upom — N1 HPTDH sign(s)
— Yo || Unom]| szgn(s)] (24)
with
Unom = k18 + kasig(s)? + || F|| sign(s) + %Qsign(s)z
(25)

where k‘l = di&g(kl,l, kl,g, kl,g) and /452 =
diag(ka,, k2,2, ko,3) are two positive definite constant
diagonal matrices. The adaptive laws are chosen as

Yo = coQsl, with 5o =40 — Yo (26)
A1 = c1||[PTD|||Is]], withdn =41 — (27)
Y2 = Colltnom|l Is]l, withFz =42 =72 (28)
where 1 and - are two positive constants satisfying
T O ! 29)

co >0, ¢y >0, and cp > 0 are the design parameters, Y, ¥1,
and #- are the estimated value of 7, 1, and ~s, respectively.

Theorem 1: Consider the attitude control systems described
by (1-3) in the presence of loss of actuator effectiveness fault
and additive fault. If the adaptive controller (24) and update
laws in (26-28) are applied under Assumptions 1-4, the sliding
mode manifold will converge to the neighborhood of s = 0 as

IIs|l < Ag = min{Ag, Asa} (30)

= ~ P
in finite time, where Ay = % Agy = % l_?;)
, k;, = min {kl,i} > 0 and ky, = min {I{?QJ} > 0,
1=1,2,3 i=1,2,3
and ¢ is a positive constant to be defined later. Furthermore,

the spacecraft attitude g, ; and its time derivative ¢, ; will
converge to the regions

gu.j| < min {As|, <|A8>
) a ﬁ

in finite time, respectively.
Proof: Consider the following Lyapunov function candi-
date V5:

Sl

}, |Gv,;1 <345 (3D

1 1
Vi == TJ* X2
1 28 $+2CO 0+

€0 -2

€0 92
A
202 2

— 32
%, 7+ (32)



Taking the time derivative of V7, and using (21), leads to
. 1 ...

Vi = 5STJ*S +s" (-Es+ P"DFEu. + P"Du+ F + 1))

1 s €0 .. = €0 . =
+ —F0f0 + — A1 + —FoAs (33)

Co C1 Co

By substituting the control law (24), adaptive laws (26-28) and

Property 1 into (33), it follows that

Vi < — s Upom + (1 — €0)s” Unom — oM |PTD|||s|
— €02 [[unom |l |5l + fo || PTD|| Isll + |1 F|l |||
1Tl sl + oo + ks + D
< — sTkys — sTkosig(s)? + (1 — ep — eo2) [tnom || |||
+ (fo—eom) ||PTD||Isll + (1 Tull — 70 |I]]

With the help of inequalities (29) and Assumption 2, it can be
found that

Vi < —sTkys — 5T kysig(s)? <0 34

which shows that system (21) is Lyapunov stable.

Note that (34) implies that s, g, 71, and 72 are bounded.
Meanwhile, considering (17), the boundedness of ¢, and ¢,
can be derived. Consequently, From (2), (3) and Assumption
1, it can be obtained that ¢y, w, €2 and P are bounded.
Furthermore, if P is bounded, then Z and ||unom | are also
bounded.

Next, in order to prove that the attitude can be stabilized
in finite time, another Lyapunov function candidate should be

selected. Consider the following Lyapunov function candidate:

1
Vo = isTJ*s

By differentiating (35) with respect to time, it follows that

(35)

Vo < = sTkis — sTkasig(s)” + (1= eo = e72) [unom|| [Is]]

+(fo —eon) [|PTD|[ [l + (I Tall = v0) 5]

— €02 [[unom | |15l — eon ||PTD|| lIsll — o< |s]|
With the help of inequalities given in (29) and Assumption 2,
it can be shown that

Vo < — sTkys — sTkgsig(s)p
+ (co 15! lfunoml| + €0 | |27 D]| + o192 lls]

Because eo, [Jol. [%l. P2l (1P SIDI Nlunomlls €,
and ||s|| are all bounded, it can be concluded that

(€0 [92] lltnom || + €0 [31] || P DI + [50[€2) [|s]| is bounded.
That is, the following inequality will be satisfied:

(eo 2! [[tnom|| + €0 1311 || P D + [70/2) Is]l < ¢ (36)

where ¢ is a positive constant which represents the up-
per bound of (eo |72 [[tnom | + eo |31 [| P DI| + 150]2) |Is]l-
Hence, by using Property 2 and Lemma 1, V3 follows that

2k 2 J 2 o i J =
: K1 2 2
L2<—7j igl—zsi—kg (7) <§ 232‘) +¢

ptl
<-Ki\Va-K)Vy2 +¢ (37)

pt1

where Ky = % > 0and Ky = ky (2) * > 0. Thus, (37)
can be further written as the following two forms:

. é ptl
V2 S — <K1 — > Vg — KQ‘/Q 2 (3821)
7
. é ptl
Vo<-KiVo— | Ko——7 | V2 (38b)
V'QT

From (38a), if K1 — ‘% > 0, a similar structure to (22)
in Lemma 2 is kept; therefore the finite-time stability is
guaranteed by using Lemma 2. Hence, the region ||s|| < Ay
can be reached in finite time, where Ay is defined as

¢

1

<

Ag = (39a)

<
13

By using similar analysis for (38b) with Lemma 2, the region
Is|l < Aga can be reached in finite time, where Ags is defined

as
T (¢\7
7 (&)

Synthesizing inequalities (39a) and (39b), the sliding mode
manifold s will reach the region

Ago = (39b)

HSH < As = min {AslaASQ} 40)

in finite time.

Moreover, for any s; in the region A, we have |s;| < Ag,
j =1, 2, 3. Then, the sliding mode manifold defined in (17)
can be written as follows

Guj+ Qo+ Bsig(qus) =mn;, Il <A @D
Then, (41) can be written as the following two forms:
. 74 . r
Qvj + (04 T J_) Qv,j + Bsig (qu,;) =0 (42a)
v,

T4 . r
——— | stg (quv,;) =0 (42b)
stg (Q1)7j)r> (@)

From (42a), if a — % > 0, a similar structure to the

v,J

proposed sliding mode manifold is kept; therefore the finite-
time attitude stabilization is guaranteed by using Lemma 3.
Furthermore, the attitude g, ; will converge to the region

Guj + Qqyj + (5 -

< il As

« «

% (43a)

in finite time. By similar analysis for (42b) and Lemma 3, the
attitude g, ; will also converge to the region

(%) =(5)
“\B/) T\B

in finite time. Finally, the attitude g, ; will converge to the

region
A (AT
|qu,j] < min '\ B

|Gv,5 (43b)



in finite time. Moreover, from (41), ¢, ; will converge to the
region

|Gv,5] < |njl + @ |goj| + Blgw | < 3As

in finite time. This completes the proof. ]

Remark 2: It should be noted that, the control scheme
in (24) is independent of the parameters ey and fy. Thus,
there is no need to involve a FDD block to identify the
actuator faults and the proposed fault-tolerant controller is able
to accommodate actuator faults automatically and adaptively
whenever the faults take place.

Remark 3: As can be seen from (30), the accuracy of
the sliding manifold is related to the parameters k; and ks.
Specifically, the larger the parameters k; and k, are, the
smaller A, becomes. Also, it is clear in (31) that the final
accuracy of attitude stabilization is related to the parameters
«, B, and r. It can be concluded that larger o and 3 and a
smaller r lead to better performance.

IV. NUMERICAL EXAMPLES AND SIMULATIONS

To demonstrate the effectiveness and performance of the
proposed controller, simulation results are presented in this
section. Consider the spacecraft model given in (1-3) with four
reaction wheels in a pyramid configuration with the actuator
distribution matrix D given as [7]

1 1 -1 -1
-1 1 1 -1

V2 V2 V2 V2

The nominal inertia matrix of the spacecraft is Jy =
diag (140, 120,130) kg'm?. Due to the fuel consumption
and onboard payload deployment, the uncertainty in the
inertia matrix AJ is depicted in Fig. 1 [8]. The initial
attitude orientation is chosen as ¢,(0) = [0.3,-0.3,0.2]7
and ¢o(0) = /1 —ql'q,. The initial angular velocity of
the spacecraft is w(0) = [0,0,0]7 rad/s. The external
disturbance model is in the form of d(t) = (||lw|® +
0.005)[sin(0.8t) cos(0.5t) cos(0.3t)]T Nm. The parameters
in FTSM manifold defined in (17) are chosen as o = 0.0513,
B8 =0.0113, and » = 0.6.

In the context of simulation, the following actuator fault
scenario is considered. That is, the first reaction wheel experi-
ences a bias fault with a positive bias torque of 0.2 Nm from
50 s and the second reaction wheel only supplies 50% of its
normal actuation power after 5 s. The third reaction wheel
loses 60% of its effectiveness in the time interval from 5 s to
40 s, and experiences a bias fault with a negative bias torque
0.2 Nm from 50 s. The fourth reaction wheel fails completely
after 10 s.

To illustrate the effectiveness of the proposed adaptive
finite-time fault-tolerant controller defined in (24), the attitude
stabilization problem under actuator faults in the absence of
a priori knowledge of system parameters is simulated. The
corresponding parameters of the adaptation law defined in (26-
28) are chosen with ¢g = 0.1, ¢; = 4, and ¢ = 1. The
initial values of 49, 41, and 42 are selected as 4¢(0) = 0,

1
D==z

41(0) = 0, and A2(0) = 3, respectively. In order to eliminate
control chattering, the sign function sign(-) in the control law
(24) is approximated by a saturation function to smooth the
chattering.

The attitude quaternion and time derivative of quaternion
are shown in Figs. 2 and 3. It can be seen that the attitude
and its derivative converge to the neighborhood of zero in
finite time in the presence of inertia uncertainties, time-varying
disturbances, and reaction wheel faults. The reaction wheel
control torque applied on the spacecraft is shown in Fig. 4.
From Fig. 5, we can see that the adaptive parameters g, 71,
and “» are bounded, and thus the efficacy of the proposed
adaptation laws in (26)-(28) is verified. These simulation
results show that fairly good control performance is achieved
even under such severe reaction wheel faults.

—_—Al
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Fig. 1. Uncertainty moment of inertia during spacecraft attitude maneuver.
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Fig. 2. Quaternion during spacecraft attitude maneuver.

V. CONCLUSION

In this paper, adaptive finite-time FTC scheme has been
investigated for uncertain rigid spacecraft with external distur-
bances subject to two types of actuator faults. On the base of
the terminal sliding mode theory, an adaptive finite-time fault-
tolerant controller is developed. The proposed adaptive con-
troller is effective against actuator faults and also guarantees
finite-time convergence without requiring a priori knowledge
of fault and uncertainty information. The Lyapunov direct
approach is employed to prove the stability of the closed-
loop system and to show the finite-time convergence of the
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Fig. 3. Time derivative of quaternion during spacecraft attitude maneuver.
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Fig. 4. Four actuation torques (N.m) during spacecraft attitude maneuver.
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Fig. 5. Adaptive parameters 4o (t), 41 (t), Y2 (¢) during spacecraft attitude
maneuver.

system states. Finally, simulation studies have been presented
to illustrate the effectiveness of the proposed finite-time FTC
schemes.

APPENDIX

Proof Lemma 3: In order to prove that ¢, can converge to
¢y = 0 in finite time after the sliding mode manifold s = 0
is achieved, a candidate Lyapunov function is constructed as
follows

1
Vo=-q q

; (44)

Taking the time derivative of the Lyapunov function (44) alone
sliding mode manifold s = 0 yields

Vo = ¢ (—aq, — Bsig(q,)")

3
1
= 70“11?(]1) - 6 Z |Q1),i|r+
=1

1=
1

< —01Vo —02Vy (45)

rtl .
where 01 = 2a, g2 = 272 3, ¢ = 31, and Lemma 1 is

applied. It is clear that (45) has a similar structure to (22),
and therefore, using Lemma 2, it can be concluded that g,
converges to origin in finite time.

r r+
< -2V - 25 BV,
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