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Abstract. The main purpose of fault diagnosis is to detect faults rapidly and 
accurately, decide the types, sizes and trends of faults, furthermore, separate the 
fault and make a proper decision to avoid fault. A model-based optimal fault 
diagnosis method is proposed in this paper. Modeling for a class of typical 
faults whose dynamic characteristics were known and the initial conditions 
were unknown with methods in linear system theory, and a reduced-order state 
observer was designed for fault system. In order to realize fault state of on-line 
optimal estimation, an optimal fault diagnosis method was proposed by optimal 
control theory and duality principle, meanwhile, observation error and control 
energy was optimum. In addition, threshold value is used to decide whether the 
fault occurred. Simulation results demonstrate the optimal fault diagnosis 
system can detect the typical faults on-line.  

Keywords: fault diagnosis, optimal observer, quadratic performance index, 
threshold. 

1   Introduction 

Various environmental changes, unknown disturbances, and changing operating 
condition are inevitable in many practical dynamical systems, thus sensors, actuators 
or components failure and faults are very common [1]. A fault [2],[3] in a dynamical 
system is a deviation of the system structure or the system parameters from the 
nominal situation. Fault diagnosis should detect system fault accurately, find in which 
component a fault has occurred, then estimate its magnitude and trend. At present, 
there are three main methods for fault diagnosis: model-based approach [4], signal 
processing approach [5],[6] and knowledge-based approach [7],[8]. 

In Ref. [9], the proportional-integral observer for unknown input descriptor 
systems is applied to fault estimation; Ref. [10], observer-based fault detection and 
estimation(FDI) problem using structured residual sets that allow fault isolation; The 
existence conditions and design algorithm of sliding mode observer for linear 
descriptor systems with faults are given in Ref. [11]. Ref. [12],[13] proposed 
nonlinear unknown input observer(UIO)-based FDI approaches, which extended UIO-
based FDI from linear system to a respective class of nonlinear system. In this paper, 
the optimal fault diagnosis problems are studied by using the model-based approach, 
to a class of faults whose dynamic characteristics are known and the initial conditions 



are unknown, who realizes the on-line fault diagnosis and makes the observation error 
and control energy of the designed diagnostic system optimal. 

The paper is organized as follows: in Section 2 the problem is formulated, in 
Section 3 a reduced dimensional observer for linear system is designed, in Section 4 
the approach of model-based optimal fault diagnosis is proposed and a threshold 
value is used to decide whether the fault occurred or not, in Section 5 an example 
supporting effectiveness of the proposed approach is reported. Finally, some 
conclusions are given. 

2   Problem Formulation 

Considering the following linear time-invariant system [14],[15] : 
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Where ( ) nx t R∈  is the state vector, ( ) mu t R∈ is the measurable input vector, 

( ) py t R∈  is the output vector, ( )w t and ( )v t represent the system noise and 
measurement noise separately. Both of the noises are white Gaussian noise whose 
statistical property can be described as follows: 
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( ) qf t R∈  is the fault vector, which is made up by actuator fault ( ) aq
af t R∈  which 

happens at the time of at  and sensor fault ( ) sq
sf t R∈  which happens at the time of st , 

where a sq q q= + .  
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If ar
a Rζ ∈  is the actuator fault state vector and sr

s Rζ ∈  is the sensor fault state 
vector, the dynamic behavior of fault is known as  
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Considering the fault system described above, how to design an optimal observer 
to diagnosis fault is the problem need to be solved. 

3   Design of Reduced Dimensional Observer  

According to the model of fault system and letting  
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Combining (1) and (4), we can get the following state space expression in an 
augmented form 
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Lemma 1 [15]: The sufficient and necessary condition of completely observable for 

1 1( , )C A  is ( , )C A , ( )( )1( ) ,a sC I A D F D F Mλ −− + , ( , )DF M  are completely observable. 

If the system is completely observable, then we can design a reduced dimensional 
Luenberger observer to detect fault. 
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Introducing the equivalent input ( )u t  and output ( )y t  
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Then we can get 
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If ( )1 1 1 1 1 1,C A P T A H  is completely observable, reduced dimensional Luenberger 
observer can be formed as follow: 

( )1 1 1 1ˆ ˆ( ) ( ) ( ) ( )c cw t T LC A Pw t u t Ly t= − + +&
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Where L  is observer gain, combining (9) and (11), we can get 
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Using a special variable transformation 
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From (7) we can get 
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Finally, the reduced dimensional Luenberger observer is  
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4   Design of Optimal Fault Diagnosis  

In order to realize optimal fault diagnosis, using the reduced dimensional observer 
designed above, observer gain L  must satisfy a quadratic performance index to fulfill 
the observation error and control energy of the designed diagnostic system optimal. A 
new design approach is proposed by optimal control theory and duality principle.  

Define observation error as 
ˆc c cw w w= −%                                                    (16) 

Using (8) compare to (12), observation error equation is written to be  
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So, we can get the dual system of observation error equation 
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Obviously, the dual system (17) and error equation (18) have the same eigenvalues 
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Above all, we can design an optimal state feedback gain matrix L  of the dual 
system to achieve the observer optimal. 

Letting 

( ) ( )Tt L tϕ ψ= −                                                     (20) 

Where, TL  is defined as the equivalent state feedback of dual system. So, the dual 
system can be written as the following open loop system 
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In (21), ( )tϕ is known as the equivalent input vector. 
Taken together, the optimal estimate of fault diagnosis system (15) has transformed 

into optimal states feedback of the dual system (21). 
For the dual system, considering the quadratic performance index as follow 
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Where, obsQ  is positive semidefinite matrix and obsR is positive definite matrix. In 

(22), ( ) ( )T
obst Q tψ ψ  is observation error and ( ) ( )T

obst R tϕ ϕ  is the control energy. In a 
word, the quadratic performance index (22) makes the system in the whole process of 
dynamic observation error and consumption of control energy satisfies a tradeoff 
optimal. 

Based on optimal control theory, we can get optimal control rule of the dual 
system, 
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Consequently, the state feedback matrix of dual system in the sense of optimum is 
known as 
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Then, the state feedback gain matrix of optimal fault diagnosis system is the 
inversion of (25) 
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For the detected fault, threshold value can be confirmed based on the principle of 
maximum inconsistent [16]. Considering each unit which may have some fault, the 
basic idea is to determine allowed deviation under the worst situations, and according 
to the deviation to set threshold value of fault diagnosis system. 

As for a system with two redundant channels, each unit which may have some fault 
with an allowable error ( 1,2, , )iE i n= L , and the gain of each unit is ( 1,2, , )iR i n= L , 
therefore, the maximum deviation can be described as  
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Finally, we can define the threshold value THR  as  

maxTHR E≥                                                    (28) 

For a fault system, if the final diagnosed results beyond the threshold periodically, 
we can decide the fault has happened. 

5   Application Example 

Considering the nominal model of aero-engine in the condition of 0kmH = , 

0Ma = ,the input vector is , 8( ) ( ) ( )
T
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is nozzle area, HN  and LN  are respectively engine high-pressure rotation speed and 

low-pressure rotation speed, Pπ  is the pressure ratio. 
Establishing expand object model, considering the fuel metering device and tail 

spout actuator cylinder as inertial element, the characteristic time is 0.05s and 0.1s, 
their transfer function can be written as 1G  and 2G , 
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,m fq&  and 8A&  can also be seen as state vector, then the extended object model is 
described as following [17]: 
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The sensor fault is a sine wave fault, which happens at the time of 20st s= , and 

the frequency is 2sw rad s= ; the actuator fault is also a sine fault, which happens at 

the time of 30at s= , and the frequency is 1aw rad s= , the amplitude of white 

Gaussian noise ( ), ( )w t v t are 0.2. 

In optimal fault diagnosis system 1 6[0 ]T I= , in quadratic performance index (22), 

1obsR =  and 6obsQ I= , the allowable error of sensor is 10%sE = ,and the allowable 

error of actuator is 10%aE = , based on the principle of maximum inconsistent we can 

get the maximum deviation is max 10% 10% 20%E = + = . Hence, the threshold is 

20%THR > . 
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Fig. 1. System output Pπ  Fig. 2. System output HN  
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Fig. 3. True value and estimated value of 
actuator fault 
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As for the input is step signal [ ]( ) 10 10
T

u t = , we can get the optimal observer 

gain is  
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Figure 1 and figure 2 are the system output Pπ  and HN  in the situation of 
happening fault and without fault. From figure 1 and figure 2, we can see dynamic 
performance has changed a lot after fault happens. In simulation, we set the threshold 
value 20%THR ≥ , through comparing the curves of true value and estimated value 
about sensor fault and actuator fault, we can see the diagnosed curves beyond the 
threshold periodically, actually, so we can judge the fault has happened. In figure 3, 
we can get the conclusion the actuator fault happens almost in the 30 seconds, 
similarly, in figure 4, the sensor fault happens almost in the 20 seconds.  

6   Conclusion 

A model-based optimal fault diagnosis method of aero-engine is proposed in this 
paper. Modeling for a class of typical faults whose dynamic characteristics are know 
and the initial conditions are unknown, with methods in linear system theory, a 
reduced-order state observer is designed for fault system. In order to realize fault state 
of on-line optimal estimation, an optimal fault diagnosis is proposed by optimal 
control theory and duality principle, at the same time, observation error and control 
energy are optimum. In addition, a threshold value is used to decide whether the fault 
occurred. Simulation results demonstrate the optimal fault diagnosis system can 
follow the fault on-line and ensure the following error smallest. 
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